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Chain addition polymerization reactions involve active intermediates (i.e. free radicals) whose total 
concentration at all times is very small. In copolymerization, in contrast to homopolymerization, one can 
identify two radical populations, 'P' and 'Q', ending in an M1 or in an M2 monomer unit, respectively. 
As a result, two distinct quasi-steady-state approximations (QSSAs) can be made. The first QSSA is applied 
to the total radical concentration and implies that the total rate of radical initiation is approximately equal 
to the total rate of radical termination. The second QSSA is applied to the separate radical populations 
P and Q and states that the rate of reaction of a P-type radical with an M2 monomer is equal to the rate 
of reaction of a Q radical with an M1 monomer. However, whether or not both approximations are 
applicable to a given copolymerization system is a point of concern. In the present study, the validity of 
the two QSSAs is examined. The conditions under which both approximations can be applied to a given 
copolymerization system are identified, through the application of the method of moments to several 
experimentally investigated free-radical copolymerization systems leading to linear and branched 
copolymers. It is shown that the validity of the QSSAs in free-radical copolymerization depends on the 
polymerization conditions, namely, the polymerization process (e.g. bulk v e r s u s  solution) and the importance 
of diffusion-controlled reactions at high monomer conversions. However, the effect of both approximations 
on the final molecular properties is, in general, not significant. 
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I N T R O D U C T I O N  use of the long-chain hypothesis (LCH) and the 
As the application of polymers becomes more specific, quasi-steady-state approximation (QSSA) for the 'live' 
so the demand to improve polymer properties increases, radical polymer chains. The LCH implies that monomers 
One way to meet this demand is to copolymerize carefully are only consumed in the propagation reactions, thus 
chosen monomer pairs or even multiple monomer neglecting the monomer consumption due to the 
combinations to achieve the desired end-use polymer initiation and transfer to monomer reactions. In 
properties. The key polymer molecular properties that copolymerization, in contrast to homopolymerization, 
directly influence the end-use characteristics of copolymers one can identify two radical populations, 'P' and 'Q', 
are the molecular weight distribution (MWD), the ending in an M 1 or an M 2 monomer unit, respectively. 
copolymer composition distribution (CCD), the degree As a result, two distinct QSSAs can be made with respect 
of branching distribution (DBD)and  the chain sequence to the radicals P and Q. The first QSSA is applied to 
distribution (CSD). Therefore there is a strong incentive the total radical concentration and implies that the total 
to develop comprehensive kinetic models capable of rate of radical initiation will be approximately equal to 
predicting the development of molecular properties the total rate of radical termination. The second QSSA 
during the course of copolymerization, is applied to the separate radical populations P and Q 

Several mathematical models have been published and indicates that the rate of reaction of a P-type radical 
dealing with free-radical copolymerization kinetics 1-29. with an M 2 monomer is equal to the rate of reaction 
These models rely on the kinetic mechanism of free- of a Q radical with an M~ monomer. However, 
radical copolymerization, which includes a number of whether or not both QSSAs are applicable to a given 
elementary reactions. Molecular weight and compositional copolymerization system is a point of concern a°-37. 
changes related to a free-radical copolymerization In conjunction with these assumptions, a number of 
reaction system can be modelled by an infinite set of mathematical techniques (i.e. the moment generating 
non-linear algebraic or differential-difference equations, function 3, z-transform a, the continuous variable approxi- 
depending on the reactor type. Early efforts to obtain mation 38, the Gallerkin 39 and the discrete weighted 
analytical solutions for the rate of copolymerization, residual methods 4°) have been used for the solution of 
copolymer composition and instantaneous MWD made the infinite system of molecular species balance equations 

describing the molecular weight and compositional 
* To whom correspondence should be addressed changes in a copolymerization reactor. 
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In the present study, the method of moments is monomer reactions, two chain transfer to modifier 
invoked in order to investigate the validity of the two reactions, four chain transfer to polymer reactions, 
QSSAs commonly used in free-radical copolymerization three termination by combination reactions and three 
reactions. Copolymerizations are studied in bulk and termination by disproportionation reactions; that is, it 
solution, in the presence or absence of strong diffusional includes a total of 23 elementary reactions. It is assumed 
limitations in the termination and propagation reactions, that (i) no depropagation reactions occur and (ii) the 
A comparative analysis is carried out to determine the penultimate effect is negligible. 
conditions under which each of the two QSSAs can be To identify a 'live' (Ri b) or a 'dead' (D,,.,,b) copolymer 
applied to a given copolymerization system. This is chain the general notation G.,,,,b is introduced. The three 
accomplished by the application of the method of subscripts (n, m, b) denote a copolymer chain containing 
moments to several free-radical copolymerization systems n units of monomer 1 (M 1), m units of monomer 2 (M2) 
studied experimentally. Accordingly, experimental data and b long chain branches (LCB), respectively. The 
on conversion, molecular weight averages and copolymer superscript (i) refers to the ultimate monomer unit in the 
composition arecomparedtomodelpredic t ionsobta ined radical chain. It should be noted that the ultimate 
with or without the use of the two approximations, monomer unit in a live copolymer chain can be of either 
Subsequently, the general rate functions describing the M 1 or M 2 type. As a result, two different symbols, P (for 
net production of the various macromolecular species i=  1) and Q (for i=  2), are introduced to identify the live 
present in a copolymerization system are derived, copolymer chains ending in an M1 or in an M2 monomer 

unit, respectively. 
Let rR,..., b, r D ..... be the corresponding net rates of 

P O L Y M E R I Z A T I O N  RATE F U N C T I O N S  production of live radicals and dead copolymer chains. 
The expressions for these rate functions can be obtained 

The following general mechanism is assumed to represent by combining the reaction rates of the various elementary 
the general kinetics of chemically initiated free-radical reactions describing the generation and consumption of 
chain addition copolymerizations3-5: live and dead copolymer chains. Based on the above 

Initiation kinetic mechanism of free-radical copolymerization, the 
following general rate functions can be derived3-5: 

I kd , 2PR" (1) 
/ 2 \  

, R2- j , j - I ,o ,  J = l ,  2 (2) . . . . .  j=l 

Propaoation x 6(n + i -  2, m + 1 - i,b) 
2 2 

Ri,m,b+Mj k.,, , R~+2_j,m+j_l,b; + E kp,,MiRJ.+,-2.m+,-i,b - L kp,MjRi.,m,b 
j = l  j=1 

i = 1 , 2 ,  j = l ,  2 (3) 2 

Chain transfer to monomer - AiRi"'m'b + ~ kfpj'Ri°'°(n + m)D .... b- 1; i=  1, 2 j = l  

Rin,m,b + M j  kf~ j 
' ~ R2 - j , j -  z,o + D . . . .  b; (9) 

i=1,2 ,  j = l ,  2 (4) A~- j  

Chain transfer to modifier r o " ~  = i  ~=1 " ' ,] " " 
2 2 

R~,..,b+S k, , --(n+m)D...b ~ L kfp,~R~,o " ~ R2_i,i_l,oWDn,m,b; i=1,  2 , , 
i = l j = l  

(5) 1 2 2 . - 1 . , - 1  b 
ktc,, 2 2 2 R,,q,=R.-,,,.-,,b-x Chain transfer to polymer + 2 i  j=l ,=1 q=X x=O 

W.,m,b + D.,,, = kep, R/,q,x +, q_ Dn,m,b; ( lO) 

i = 1 , 2 ,  j = 1 , 2  (6) where 
2 

Termination by combination A i = ~ (kf0M ~ + kt0R~,o) + kf, S 

i j kt¢~ j=  i 
R .... b+ R,,q,= ' ~ Dn+r.m+mb+x; 2 

+ ~ k,po ~ ~. ~ (r+q)D...,. (11) 
i = 1 , 2 ,  j = l ,  2 (7) j=l ,=oq=ox=o 

Termination by disproportionation R~o denotes the total concentration of total live 
i j ktd~ macroradicals of type P (for i = l )  and Q (for i=2), 

R .... b + R,,q,~ ' , D .... b + D,,q,~; respectively, and is given by the expression: 
N~ M~ B~ 

i=1,  2, j = l ,  2 (8) R~o= L L L R~n,m,b (12) 
where I, PR' ,  M i ( j=  1, 2) and S denote the initiator, . = o . = o  b=O 
primary radicals, monomer and modifier (i.e. solvent) 6(n, m, b) is Kronecker's delta and is given by: 
molecules, respectively. The particular copolymerization 
mechanism comprises three elementary initiation reactions, f(n, m, b ) -  6(n)f(m)f(b); 6(i)-  ~1 for i = 0 (1 3) 
four propagation reactions, four chain transfer to (0  fo r /C0  

POLYMER Volume 35 Number 8 1994 1715 



The validity of steady-state approximations: D. S. Achilias and C. Kiparissides 

For a batch copolymerization reactor, one can derive with 
the following general balance equation for the G.,,.,~ 2 2 
copolymer chains: A'i= ~ kfoMj-Fkf, S-F Y'. ktd0~.~,o (19) 
1 d(VG.,,.,b) j= 1 1= x 
V dt =rG~.b; Based on the above definitions of the moment 

rate functions, the differential equations governing the 
n= 1 . . . . .  N=, m= 1 . . . .  , Moo, b=  1 . . . . .  Boo (14) molecular and compositional developments in a batch 

copolymerization reactor can be derived easily (see 
Application of the design equation (14) to the various Table 1). In this table, mass balances for initiator, 

molecular species present in the reacting mixture results monomers and chain transfer agent are also included. 
in a prohibitively large set of differential equations which The use of double moments allows the calculation of the 
must be solved numerically to obtain desired information individual distributions of monomers M1 and M2 in the 
on MWD, CCD and DBD. In order to reduce the copolymer chain. The cumulative number average (XN) 
high dimensionality of the numerical problem, several and weight average (Xw,) chain length for the i monomer 
mathematical techniques have been developed to recast can be calculated in terms of the leading moments of the 
the 'infinite' set of equations into a low-order system that dead CLCC distribution: 
can be easily solved a-5. 

XN, = #1,0/#o,o; XN2 =/~o,d#o,o (20) 

XWl=(Wl~2,o-~- W2~l,1)/(Wl~l,o-.~ W2]~o,1) (21) 

)?w2 = (Wdq,1 + W2lto,2)/(Wl#l,o + W2#o,1) (22) 

THE METHOD OF MOMENTS where W~ denotes the molecular weight of the i monomer. 
The method of moments is one of the most frequently Accordingly, the cumulative total number average (XN) 
employed mathematical techniques; it is based on the and weight average (,Yw) chain lengths of the dead CLCC 
statistical representation of the MWD, chain length distribution are defined as: 
distribution (CLD) or any other distribution of interest 2 
(e.g. CCD, DBD) in terms of the leading moments of the -gN = ~ )fS, = (/~1,0 +/'tO, 1)/#0,0 (23) 
respective differential distribution a. ~= 1 

2 
Contrary to homopolymers, copolymer chains will X w =  ~ . .~w/=(WI~/2,0- ' ] - (W1 -~ W2)/./1,1 "Jr- W2/./0,2) / 

comprise two types of repeat units. One commonly used i=1 
notation for identification of a copolymer chain considers 
only the number of M1 (n) and M2 (m) monomer units (W1/q,o+ W2/~o,1) (24) 
in the copolymer chain (G.,.,). Consequently, bivariate Similarly, the cumulative number and weight average 
distributions are introduced to describe the molecular copolymer compositions are defined as: 
and compositional developments in a copolymerization CN, =/~1,o/~1,o +/~o,1) (25) 
system. Accordingly, one can define the corresponding 
moments of the bivariate chain length-copolymer 
composition (CLCC) distributions associated with the 
live and dead copolymer chains: Table 1 Design equations for a batch copolymerization reactor based 

on the double moments of the bivariate CLCC or TCLDB distribution 
N® M® 

2i _ n k m l R  i . 1 - -  2 - -  k , l - -  ~ ~ .... R..,, = P.,,. and Rn, m = Q.,m Initiator 
n = l  m= l  

1 d(VI) 
(15)  V dt kdI 

N® M= 
#k,t = Z ~ nkra'D.,- (16) Monomers 

n = l  m= l  1 d(VM 0 

T h e  corresponding r e a c t i o n  r a t e s  f o r  t h e  m o m e n t s  2 i rM, = - [(kpH -F kf,~)2~ o + (kp21 -k- kt:l)~.Q o v i m  i - kh PR" M a k,t V dt ' ' 
and/~k,t can be obtained from equations (9) and (10) by 1 d(VM2) 
multiplying each term by nkm I and summing the v dt rM:=--[(kP~2+kf~:)A~'°+(kP22+kf22)2Q°'°JM2-kl:PR'M2 
resulting expressions over the total variations of n and 
m. The final expressions for the moment rate equations Modifier 
arer: 1 d(VS) 

P o (kfls2O,O +/qzs2o,o)S 

rG=  kiPR'Mi+ kfj, Mi2o.o+kf, S2o.o 5(/) 
j = t Volume contraction 

+j~=~.= kpjM~ ( 2 -  0 r 2J,,t+(i - 1 )  ~'{,v V dt [rM'(MWIX1/pa--1/pp)+r~2(MW2)(1/pz--1/PP)] 

~ k M 2i - - (  A'.-F 2 3 Chain lenoth distributi°n m°ments 
-- ~'k.t 1 d(V2~.l) 1 d(V/~kj ) ~=, 9~ j k,, \ ' ~=IZ k,¢o2~o,o/ i (17) 

. 1 2 2 k k l v dt ra[; i=P ,Q;  V dt r,~,t 

ru~ ,= ~ A~2~,,-4- ~=1 ZI kte'q ~i ~ ( ~(  ~'~j2~-it-j  Fractional monomer conversion ~=x 2 ,  q= • ~ \ i / k j /  ' ' 
(18) x=[V°(M'°+M2°)--V(Ma+M~)]/[V°(M'°+M:°)] 
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C w  ' = (Wl/A2,0 -[- W2/A1,1)/(WllA2,0 --[- ( W  1 -~- W2)•1,1 -{- W2]Ao,2) resulting expressions over the total variation of n, m and b. 
(26) The final moment rate equations take the following form: 

( In many model developments, it is often sufficient to r~i= k~PR'Mi + ~ kf Mi~,Jo o + kf.sS~o 0 C~(/) 
consider the univariate total chain length distribution ' j= 1 ' ' } 
(TCLD) defined in terms of the total degree of 2 k / k \  2 
polymerization (n + m). Notice that the moments of the + ~. kpj,Mi Z { ]2j  l -  Z kp,jMJ2~,l 
T CL D can be obtained directly in terms of the j=l . \ r /  ' j=l 
corresponding bivariate CLCC distribution for the live ( ~, ~ ~ (~ )  
and dead copolymer chains: - A~" + kte.,~'~ o~J,~ I q- k f p , J ' ~ , o  E /Ak + 1,j 

j = l  v ' . ]  ' r = l  j 
N~ M~ 

i E ( " +  " '  m) R .. . .  (36) 

n = 1 m = 1 1 {k \ {  l'~ Z 
Rn'm = k t %  i,j 2q k -  i,l- j 

where Rn, m = P. ,. and Q.,,. (27) 2 1 2 k 
N~ M. ' r,uk,t= E At"~J ...L_ ~'~ 

za I "~k,l 1 2 r=/~l i 
/~ = Z ~', (n + m)~D.,,. (28) J ='  q=l 

n = l  m = l  2 2 

The reaction rates for the corresponding moments 2~ --#k+Lt ~ ~. kfp,j2~.o (37) i = l j = l  
and #~ can be obtained from equations (9) and (10) by 

"' " '" " '~0,0, ~t = ~t,o. multiplying each term by (n+m) k and summing the where A~ =Ai and B~ =Bi, with 2~= 
resulting expressions over the total variation of (n + m). The differential equations governing the variation of 
The final expressions for the moment rate functions are6: the leading moments of the joint (TCLDB) distributions 

for the live and dead eopolymer molecules in a batch 
z.. ~" ~ + ~ ( k ~  reactor are summarized in Tables l and 2. From the 

r~.~ = k~,PR" M~ + kfj,Mi,~Jo -I- kf,sS). ~ -I- kpj M.. ,~j solution of the double moment differential equations, one j=l j=l ~ \ r /  
can obtain estimates of the cumulative total number 

M i average chain length 0?N), the cumulative total weight - kp,j j2k-- A'i'+ E kt~,yo 2~ + #k+l E kfpjYO 
j = 1  j = l  / j = 1  

(29) Table 2 Moment rate functions of the bivariate TCLDB distribution 

~ ~(k i )  r.~= A~'2~ + 1 k t %  ,~ri,~_ i r2Po.o=kl,PR'M,+(kpz,M,+kf2,Ml+kfm,#Lo)2Qo.o 
j=l 2 r= lq= l  " P P o P 

2 2 -- (km2M 2 + kfl2M 2 + ktpl2/t 1,o)2o,o -- (kt112o,o + kt122o,o))l.o,o 
--/ak+l ~ ~ kfp,j2~ (30) 

i=  1 j =  1 ra~.o = k~PR'Ma + [(kpH-+- kfll),~, o + (kp: 1 + kf2t)).oQ.o]M 1 
P Q p p t P Q 

where -kPn)q'°M2+kml)tL°Mx+kflsS2° '°-2L°(A + kte")~°'° + kt¢12)'°'°) 
a Q p + (k 2 +k 2 2 k +k 2 2 2 /'12,0 fpll 0,0 fP21 0,0)--~'~1,0 1,0( fPll fPl2) 

" + ktell~o,o + ktclr,~o,o) A, = ~ k f o M j - k - k f i S +  E ktdo "~'jo+ E kfpolgt ( 3 1 )  r2Po.,=kp2,2Qo, xMx-kp~2"~o,,M2-2Po,x( a' P O 

j = l  j = l  j = l  P Q P + (#Lo + lq,~Xkfp.2o.o + kfp~2o.o)-lq.o,;o,x(kfvlt + kfvi~) 

Consequently, the cumulative number average ( )?N)  r.~°o.o=kl~PR'M2-(kp~M~+kr: M~+kfp:l#Lo))'o°.o 
and weight average 0?w) chain length will be given by the +(kvl2M2 +kt~2M 2 P P O + kfmfl./1,o)2o,o - -  (kt~2o. o +/q2~2o,o)2o.o 

following equations: ra~,.o = k12P R.  M2 + [(kpl2 + kfl2)j.~,o + (kin2 + kf22)/q.oQ o ] M2 

XN = (/~1 + 2P + ;qO)/(/% + 2P + 2o0) ~ #1/#o (32) P o ~ ~ , + k,¢1=2~ o + kte~2).o~,o) "{'- kpl2~-i ,oM2 - km~21,oM ] + kr~sS2o.o - )-~.o(B 

Xw = (#2 + 2P + 220)/(~ 1 + 2 P + )'~) ------ ~t2//q (33) + ~.o(k,.i~,~g.o + k,,~,to%)- ~,,o~?.o(k~p~, + k,,0 
p Q Q t p Q rQ k 2 M k 2 M 2 B+k 2 +k 2 The polydispersity index is defined as the ratio of the ao,, = .l~ o,~ ~- .~, o,, ~- o,~( .... o,o to:: o,o) 

+ (/t 1,0 +/.41,1 Xkfpl~2o,o + kfp22'~o,o) - /A 1,020, l(kfp21 + kfp22 ) weight average to the number average chain length P o 
( . f f~w/XN).  P , Q , P 2 P Q Q 2 r~,0, o = 2o,oA + 2o,oB + 1/2kt=~(2o,o) + kte]~J.o,o)-o,o + 1/2kt,~:(2o,o) 

F o r  b r a n c h e d  copolymers, a b i v a r i a t e  d i s t r i b u t i o n ,  _ p , Q t p p Q Q 
r m . o - ~ l , o A  + 2 L O B  +kteH,'~o,o~.l.o+ktc~2J.o.oJ.l.o 

Gx.b, defined in terms of the total chain length (x = n + m) P Q v Q 
and the number of branch points per polymer molecule, +kt'n(2°'°2L°+2"°2°'°) 

P P Q Q b, is usually introduced to characterize the total chain +(kfpn+kfm:XPLo2Lo-lt2,o)te.o)+(ktv21+krm~XPLo)tLo-l~2,oJ'o,o) 
r ). A +2 B+k 2 2 +k 2 2 length and branching frequency distribution in the - P ' o t P P O O #0.1-- 0,1 0,1 tell 0,0 O,1 te22 0,0 0.1 

copolymer chains. Accordingly, the moments of the total ~ o + k,~,~(&.o,~o. ~ + )Yo.~,~o.o) 
chain length--degree of branching (TCLDB) distributions + (kfp,, q- kt.,~X#,.o2~., - P1,,2~.o) + (kfp2, + kt-p22X//1,0~OQ 1 - , t / l .  1J.oQ, o) 
for the live and dead copolymer chains are expressed as: 

_ P P Q r 2 (k M~+k M +k 2 +k 2 #1.1 -- 0,1 PlI PI2 2 tell 1,0 tel2 1.0) 
No M~ B- 

/~ik,l---- ~ ~ ~ (n + m)kblRin,m,b; + 2°'Q ~(kp21M x + kp22M2 + ktc=~J'lP.o'+" kte22J'lQ, o) 
P Q 

n = 1 m=  1 b = Z + [ (k tp, ,  + k  fPl2) ~ 0,0 + ( k fP21 + k  fP22 )~'0,01122.0 

R.X,m,b-- P.,m,~, Rz ~=Q- . . . .  b (34) r.~.o-0.o,o- P + 22~,oXkp.MaV + kmM2 ) +(2o.oQ + 22LoXk~M:° + kp~M2) 

N~ M~ B® +2g,o(kq~M l+kfl:M2)+,,q.oo,o(kf21M~ +kf22M2)+2flcdI  
#k,'= ~., ~ E (n+m) ~btD .... b (35) P 2 Q P Q 2 P Q + k t e  ( ~ o )  +2kte  2 2 + k  2 + S k  2 + k  2 . . . . .  ~,o ~.o .... (~.o) ( f,~ o,o ~s o,o) n=l m = l  b = l  

where 
The corresponding reaction rates for the moments 2~,.~ A' = kt.Mx +kfnM 2 +kfls S+ktdll2 Po,o +ktdl2~.Oo.o 

and #ka can be obtained from equations (9) and (10) by 
~ P Q B kf M +k M +k S + k  2 +k  2 multiplying each term by (n+m)kb ~ and summing the - 21 1 f22 2 f2s tdl2 0,0 td22 0,0 
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average chain length (Xw) , the number average degree mentally by Pittman-Bedjer42; the values of the kinetic rate 
of branching (BN) and the weight average degree of constants are given in ref. 42. 
branching (/~w)- These molecular averages are defined as: Since the selected copolymerization takes place in a 

)(N = #1,0//20,0 ~'YW~-~#2,0//21,0 (38) dilute solution, diffusion-controlled reactions will not be 
importan# a-~6. In Figure 1, the net radical initiation rate, 

BN=#O,1/#o,o B-w~--I~L~/lZz,o (39) Ri, is plotted against the total radical termination rate, 
The branching density, Bd, will be given by the ratio Rt, during the course of the copolymerization. The results 
BN/XN. of this figure confirm the validity of equation (40) and 

its application to this copolymerization system. 
In Figure 2, the term kp,22gM 2 is plotted against the 

term kp:12o°M1. It can be seen that the values of the two 
ON THE VALIDITY OF THE STEADY-STATE terms are almost identical up to a conversion of about 
APPROXIMATIONS 90%, but they differ at higher conversions. This is due 
Chain addition polymerization reactions involve active to the fact that at high conversions the average chain 
intermediates (i.e. free radicals)whose total concentration length decreases (i.e. it becomes less than 20), therefore 
at all times is very small. As a result, the QSSAs for these 
intermediates are commonly used. Assuming a negligible 
change of the volume of the reaction medium, one can 10-2 
derive the following equation governing the rate of change . . . . . . . . . . . . . . . . . .  " " " / ,Y  
of the total radical population in a batch reactor: / d(P .... b + Q.,m,b)/dt = Ri - Rt (40) 

Assuming that the first QSSA for the total radical 
concentration is valid, equation (40) can be replaced by = = 10"3 

a corresponding algebraic equation: -4 

R i ~ R t (41) 

Equation (41) implies that the rate of radical initiation 
(Ri) will be approximately equal to the rate of radical 
termination (Rt). Notice that equation (41) does not imply _ = 10-4 
that the total live radical concentration remains constant 
with time; it merely asserts that the concentration of 
intermediates, even though it is time dependent, may be 
closely approximated by an algebraic equation (41), as 
long as the derivative d(P,,m, b + Q .... b)/dt is small with 
respect to the remaining terms in equation (40). 1°-~ . . . . . . . . . . . . . . . . . . . . . . . . .  10-5 10"4 10"3 10 -2 

If, in addition to approximation (41), one can assume 
that the QSSA can also be applied to the separate radical Total Radical Termination Rate, Rt 

populations P and Q, then one can show that the reaction Figure 1 Rate of radical initiation (R~) versus rate of radical 
rate of a P radical with an M2 monomer will be termination(R,)forthesolutioncopolymerizationofMMA-Stat80°C, 
approximately equal to the reaction rate of a Q radical [I]o=0"2gm°ll-t'f~o=0"75 
with an Mz monomer*l: 

kp,:P . . . .  bM2=kp2lQ .... bM1 (42) 10t 

This means that the number of MxM 2 sequences in a 
polymer chain will be equal to the number of M2M 1 10-2 
sequences + 1. For long copolymer chains (e.g. chains 
with a degree of polymerization of 1000), the error 
introduced by equation (42) will be in the order of ___ 0.1%. ~0 -~ 
On the other hand, when the polymer chain length is ,., 
very short (e.g. 10, as might be the case in solution 
copolymerizations), the error introduced by this approx- ~ 1o -4 
imation will be of the order of + 10%. ~. 

lOS 

RESULTS AND DISCUSSION 

The validity of the two QSSAs is subsequently examined 10-6 
in relation to the solution copolymerization of methyl- 
methacrylate-styrene (MMA-St), and the bulk copoly- 
merization ofp-methylstyrene-acrylonitrile (pmSt-ACN). 10-7  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

10"7 10"6 10-5 10"4 10-3 10 -2 10 -1 

Solution copolymerization of M M A - S t  kp21QoM1 
This system was selected as a representative example 

Figure 2 Verification of the second QSSA applicable to the separate 
of the production of linear copolymers. The solution radical populations P and Q. Solution copolymerization of M M A - S t  
copolymerization of MMA-St has been studied experi- (experimental conditions as in Figure 1) 
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the application of the second QSSA to the two separate 250 
populations of P and Q radicals will not hold true. 

Conversion and molecular weight simulation results 
obtained with or without the application of the two 200 
approximations are shown in Figures 3 and 4. It is 
apparent that no significant differences exist between the 
two numerical solutions, which means that in dilute + 

solution copolymerizations both approximations will be , 150 
valid. 

o 

The bulk copolymerization of p-methylstyrene-acrylonitrile ~ 1oo 
This system was selected as a representative example 

of the production of branched copolymers and the 
appearance of diffusion-controlled phenomena in the 50 
copolymerization kinetics. It was experimentally studied 
by Yaraskavitch et a/. 47'4s. The values of the kinetic rate 
constants, as well as the relationships describing the 

0~-- , , 
50 100 150 200 250 

Kp21QoM1 * 1E+4 1.0 J 
Figure 5 Verification of the second QSSA applicable to the separate 
radical populations P and Q. Bulk copolymerization of pMSt-ACN 
at 60°C, [I]o=0.01 gmoll-l,flo=0.56 

0.8 

1.2 ~ ~ , , ~ .  , 

== 0.6 o 

o~ 1.0 

+ 

a, 

o 
r ~  0 .4  ~ "  

• 0.8 
z 

0.2 ..~ 

0.6 

0,0 , ,,, I I , I , I , I 

0 100 200 300 400 500 600 

Time (min) 0.4 

Figure 3 Conversion-time histories calculated by the 'exact' and 
'approximate' model. Solution copolymerization of MMA-St at 80°C, 
[I]° = 0"2 g m°l 1-1'f1° =0"75 0.2 , r , , , , , , , 

O.0 0.2 0.4 0.6 0.8 1.0 

8000 , Conversion 

Figure 6 Variation of R i and R t with respect to monomer conversion 
for the bulk copolymerization of pMSt-ACN (experimental conditions 

70oo as in Figure 5) 

diffusional limitations in kt and kp, can be found in refs 
,e 600o 47 and 48. 
~. The validity of the second QSSA for the separate 
'~ populations of P and Q radicals is illustrated in Figure 

5. It  can be seen that no significant differences exist 
5°°° ~ between the values of the two terms kp,22~M ~ and 

~ kp2,)~o QM t ,  since the average chain length for this system 47 
is about 3000. Thus, the error introduced by the second 

4000 QSSA will be less than _+0.033%. On the other hand, 
the appearance of diffusion-controlled phenomena results 
in a significant reduction of the termination rate 

3000 , , , , , constants, which causes a decrease of the termination 
o.0 0.2 0.4 0.6 0.8 1.0 rate (Rt). In Figure 6, the total radical initiation rate, Ri, 

Conversion is plotted with respect to the variation of the total radical 
termination rate, R t. It  is apparent  that after a certain 

Figure 4 Exact and approximate average molecular weights for the 
solution copolymerization of MMA-St (experimental conditions as in conversion (,-,60%), the two rates show a significant 
Figure 3) deviation. This means that at high conversions, the QSSA 
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for the total radical population will not be strictly valid 1 .25  . . . . . . . . . . . . . . . .  
and its application will result in an overestimation of the 
total radical population. ,~ 

Simulation results obtained with or without the .-" 
application of the two QSSAs are shown in Figures 7 .~ 1.00 
and 8. Discrete points in these figures indicate the ~ QSSA 
experimental results of Yaraskavitch 47. It is interesting ,~ ~ / ~  
to note that no significant differences exist between the ~ 0.75 
calculated values of conversion and number average ~ 
molecular weights obtained with or without the use of ~ , /  

0.50 
1.0 , 

t, 
~ 0.:'5 

0.8 Z 

0.00 , , , i , , 

0.0 0.2 0.4 0.6 0.8 1.0 

"i 0.6 Conversion 

Figure 9 Number average degree of branching for the pMSt-ACN 
0.4 bulk copolymerization (experimental conditions as in Figure 7) 

two approximations. However, the application of the 
0.2 QSSA results in a slight overestimation of weight average 

molecular weight compared to the values obtained by 
the exact solution. From Figure 8 it can also be seen that 

0.0 , , , , . . . . .  the polydispersity index increases as the monomer 
100 200 300 400 500 60O conversion increases. 

Finally, in Figure 9 the number average degree of 
Time (rain) branching obtained by the solution of the exact as well 

as the approximate model (e.g. application of the QSSA) 
Figure 7 Conversion-time histories calculated by the 'exact' ( ) is plotted with respect to conversion. It can be seen that 
and 'approximate' ( - - - )  model. Bulk copolymerization of pMSt-ACN 
at 60°C, [I]o=0.01gmol1-1, fro=0.56. &, Experimental data47: the two models yield the same values for BN up to a 
kfp = 1,2kp conversion of about 70%. However, at higher conversions 

a significant difference appears in the calculated values 
of/~N" 

2.5 , 

CONCLUSIONS 

2.0 In the present investigation, the validity of the QSSAs 
=" [ commonly applied in high conversion free-radical copoly- 

" merization reactions was examined by a direct com- 
r, . / /  parison of model results obtained with or without the 
O~ / t  / 

1.5 [] , / y  use of the two approximations. Molecular and com- 
,.,~,r Mw positional changes occurring during copolymerizations 

/ / ' , 7  in a batch reactor were modelled using the method of 
• ~ moments. 

t.o f i r .  It was shown that the second QSSA, applicable to the 
~ separate radical populations P and Q, will not be valid 

g = M, for free-radical copolymerizations leading to the produc- 
"~ tion of very short polymer chains, which is usually the 0.s n & 

,.r- ~ case in dilute solution copolymerizations. Despite this, 
errors in the calculated values of conversion and final 

• • • • • copolymer properties were not significant. In the presence 
o.t , , , , , , , of diffusion-controlled reactions, for both linear and 

u.o 0.2 0.4 0.6 0.8 1.0 branched copolymerizations, the QSSA for the total 
Convers ion radical concentration will not be valid at high conversions. 

However, it was found that its application did not 
Figure g Average molecular weights for the bulk copolymerization of significantly affect the calculated values of conversion and 
pMSt-ACN (experimental conditions as in Figure 7). Experimental n u m b e r  a v e r a g e  molecular weight, although a slight 
data*7: &, Mn and A, Mw (size exclusion chromatography); Vq, M,, 
(low angle laser light scattering). , 'Exact' and - - - ,  'approximate' overestimation of the weight average molecular weight 
model was  observed. 
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